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INTRODUCTION 
One o f  the major conebins of the IWC Scientific Coininittee 
on  the status apd management of sperni whales has been 
delineating and setting quotas  by unit stocks. Exaniining 
some aspects of this concern with a simple inatlieniatical 
model helps to  illustrate the need for careful attcntion to 
stock delineation and the degree t o  wliich two  stocks are 
indeed independent and can bc managed as such. 

Lord (1971) forniulated a general inultiple species pro- 
duction model with inter-specitic iliteractlon ternis . ~ n d  
performed some niatliematical analysis ot  tlie logistic form. 
However, there has been n o  at tempt  to apply tlie model 
t o  an actual fishery. Similarly, Larkin (1963) matliematic- 
ally examined the compctiiioii equations o f  L o t h  and  
Volterra, the logistic furm, tor two species i n  dctail. 'The 
mixing of multiple stocks, however. is uf specific interest to 
the management of sperm whales. The problem considered 
liere is one of stocks of the sanie species occupying gener- 
ally different, though not  necessarily distinct, spaces with 
some degree o f  mixing among tlicin. For simplicity, 1 will 
consider only two stocks and  the logistic torni of popu- 
lation production. 

THE MIXING MODEL FORMULATION 
Consider two  logistic stocks of tlie same species wliich 
occupy generally different spaces. such tha t  fishing 
niortality (or tishing effor t )  c'aii bc applied to each stock 
separately ( F ,  and F 2 ) .  but between which there is sonie 
mixing at  intrinsic rates T I  and T2. Consider also that  iliese 
stocks are no t  different, other  than in their oiigin, sucli tha t  
unze a part of stuck 1 transfers to the are3 of stock 2 i t  is 
indistinguishable in all aspects from stock 2 (and vice 
versa). The mixing model is, therefore. tlie set 0 1  equations: 

where I and 2 are the designations for stocks I and 2. 
It can be seen that  the model assumes that the rates of 

mixing are determined by the population size in the area of 
and the amoun t  of space available in the area of 
r - when bo th  populations are a t  their carrying 
ies, Pmax, (with Fl  = F2 = 0) there is no mixing. 

Many additional mixing models could be formulated under 
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altcrnate I iypot l iese~.  l i t i t  I will restrict my analysis in this 
document  to tlie above equation set .  

MIXING MODEL ANALYSIS 
Rigorous ni:irlieniatical analysis of the mixing equations 
could be presented (cf. Larkin. 1963; Pielou. 1969); 
Iiowever, i t  will suffice to illustrate simply a few of the 
iniplicstions of tlie iiiudel. 

Fig. 1 provides the locus olequi l ibi iuni  points (dP ,  / d t  = 
0, d P , / d i  = 0 )  t o r  equation set ( I )  ~ the concave upward 
curves to1 equation ( 13 )  and concave downward curves for 
cqtiation ( Ih )  ~ with an arbitrary set of parameters. 
Additioniilly. 

Pmax(1) = 0.5 I'mnx(2). 

1<, 1 I<>= K 

31id 1'1 = T2 = 1'. 
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big. I .  Locus of cquilibrium points for the production model with 
mixing of two species (equations la  and Ib). (A) Low relative 
mixing rate; (€3) High relative mixing rate. 
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Four combinations of l isliing iiiortality 0 and I are 
plotted for two cases of the iiiixlllg coefticient relative t u  
tlie intrinsic rate of increase coefficient (T/I<). t ' o ~ ~ i t s  u t  
stability occur at t h e  intersectloris ~f t h e  copcave upwaid 
and concave downward curves (I ieavy dots). 

Fig. I A illustrates tlie relatioiisliips when inixiiig I:, sli)w 
reI;ttive t o  populatioit productivity. T/K = 0.1. At F l  F l  
= 0 hotti populations achieve tlieir respective P,,,,, (1iuint  
label led A). Applying fishing iiiortality tu either stock has  
l i t t l e  affect on t h e  stock not being e\p io i tcd (point B o r  C ) .  
However. applying fishing i i ioi tal i ty \iiiiultaiieously to hotli 
stocks results in slightly lowci stock SILL'S (pt)iiii I))  t l i a i i  
esplortiiig  JUS^ one o r  tlic otliei- (poin ts  8 ;itid (') Jur i o  aii 

iiicrerlse i n  export  and  cl l o s s  of ~t ipport i i ig  iiiiport. 
Fig. 18 illustrates tlic ielatioiisliips wlieii iiiixiing IS 

re lat ively high. Witli i io fisliiiig iiiortality. point 1. 15 t l ic  
saiiie as p u i n t  A (Fig. 1.4). An obv ious  difference he twcm 
the low and high relative IIIIYIII~ I , I I C S  is tha t  t l ic  curves 
hecotiic i i ioic coincident as t he  rcla 
iiicrcases. approacliiiig il ~OIIIIIILIII C U I V  

becunics infinite. Frirtheriiiorc. t he  degree 0 1  syiiL' isistic 
lowering of both  stuck s i x s  wl ie i i  both  aie exp lo i ted  i point 
0), :IS opposed to each  bciiig e\ploited aloiie ( p u i n t \  11 .ind 
N).  is i nuc l i  greater tliaii wlieii t l i c  i i i ixr i ig ratc IS Ion (F ig .  
IA) .  
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'r T , =  T,=O.56 

stucks. All pclraineters are t he  sa i i ie  rls 111 the picvioua 
secttoi l .  011 the veriical axes is the cunibiiicd ccliiilihriuni 
yield I'roni the twcl stocks (Y, + Y 2 )  and tlii' coiiibilied 
f is l i ing effort  (F ,  t F 2  ) is on tlie Iiorirontal axes. 'The 
dash-dot lilies represent all t h e  effort  being exerted on PI 
alot ie.  i l i e  dashed lines rcpIcseiit 75% of tlie t o t a l  e f f o r t  

L 

being distributed on PI and 2S'% being distributed (111 PI. 
and the heavy Iiticsrrepresr.nt a11 equa l  a n i u u i i  t of cftort  
being distributed U I I  both P i  and P 2 .  

When there is no mixing hctwecn t h e  storks. T I  = TI = 
0 (Fig. 7, upper l e f t  panel). ubviously the  total  maximuin 
sustairiable yield (-1blSY) ~ i i c ieases  to the s u m  at'rhe MSYs 
uf the two stocks w l i e i i  tished separately. Becxise 0 1  the 
nature of  t h e  pai;inieteis selected. i l i e  MSY vf each stock 
occurs a t  t l ie same F. hiit the \lS)' of P2 is twic as large as 
i l i a t  ut  P I ,  Any ot l ic r  ef(brt i i i t io producea II lower TMSY. 

W i e i i  t h e  mixing ra te  IS very Lirge. T I  = T2 = 56 (Fig. 2 .  
Itiwei riglit p a n e l ) .  t l i e  i i i m k l  bcl iavca as it' i t  wcrc uiic large 
btt)ck,  I', t P 2 .  :ia expccted. The t o t a l  sustainrlble yield is 
iiearly the same regardless of the effort ratio. 

I n  the  cclst) wlieIe riiixtiig is iiiterrriediate Ixtwecii the 
two cxtrcnics. TI  = Tz = 0.5h (Fig. 2. upper right panel) 
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arid TI  = T2 = 5.0 (Fig. 2 ,  Iowcr l e f t  pailel) w i n e  very 
iiitereatiiig rclaiiotibliips are i i i i p l i e d  froiii u l i i c h  sevei.il 

E 
I 

i i i i por ta i i t  ~ c r i i ; i i i o ~  c'r l i i  he  tlciivcd. Depeiidiiig on the 
~~1~tc)it rativ: ( I )  yield curves LJII be very flat-topped or 
JL~~ie i i c l  rrlpidly wi i l i  ovcrtisliing. ( 2 )  TMSY can vary widely 
J I  h ) u t  t he  s;iiiie l eve l  ot  total effort .  and ( 3 )  the  TMSY 
c:iii he r l i c  u i i i e  htit ;it widcly vAiyiiig values ot total effort .  

1 x 1  t ia  ccwsidei tuo scenarios where ef for t  develops first 
~)II I', and i l l e n  translcrs in part t v  P2. 

Scenario 2 
I > e v c l o ~ i i i i c i i ~  (11 J tidiery oii l'> i l i a >  OCLUI ilirouglr i l i c  
additioit ut effort ratlici t l i a i i  t l i r w g l i  i t s  rc-distributtuii. 
Wlicri t l ic iiiixiiig late is relatively low (Fig.  2 .  upper riglit 
ixiricl) dcve lop i t i r i i i  of a l isliery 0 1 1  W O I J I ~ I  follow the 
drlsli-dot curve. Additional elfort heirig plazcd OII P2 could  
iiiiti;illy cause [lie uverall fislieiy io  hcgiri following t l ie 
tluslied curve with increased equilibriuni yield. Trouble 
would arise if total effort  exceeds X units and greater effort 
weic added to P2 such tha t  ( l i e  el-fort ratio were even  
t o t a l  equilibriurii yield wotilcl decrease. With a higher 
~ i i~x i i ig  rate (Fig. 7, lower l e f t  pa i i e l )  tlie siliiic trouble could 
occur. bu t  it would uciur  a t  lcsscr effort  being @ced on P2 
t h a n  for t he  lower I>iixing rate si tuation. 
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critical to good management, which can be highly influ- 
enced by the distribution of fishing effort (hence quota 
levels) among stocks. It remains to be seen, however, how 
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well such a model can describe an actual fishery situation. 




